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Last time:
implementing the 

simply  typed lambda 
calculus
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• Terms and values

• Types

• Substitution

• Evaluation

• Type checking
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 data InferTerm
  = Check CheckTerm Type -- annotation
  | Var Int         -- bound variables
  | Par Int         -- free variables
  | App InferTerm CheckTerm
! ! ! ! ! ! ! ! ! ! -- application

 data CheckTerm
  = Infer InferTerm
  | Lam CheckTerm -- lambda abstraction
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 data Value
   = VApp Int [Value]  
   | VLam (Value -> Value)
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 type Env = [Value]

 evalInfer :: InferTerm -> Env -> Value
 evalInfer (Par x) env = VApp x []!
 evalInfer (Var i) env = env !! i
 evalInfer (App f x) env =
  app (evalInfer f env) (evalInfer x env)

 app :: Value -> Value -> Value
 app (VLam f) x = f x
 app (VApp x vs) v = VApp x (vs ++ [v])
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 evalCheck :: CheckTerm -> Env -> Value
 evalCheck (Lam f) env = 
   VLam (\v -> eval f (v : env))
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 type Context = [(Name,Type)]

 inferType :: Int -> Context 
   -> InferTerm -> Maybe Type

 checkType :: Int -> Context -> Type
   -> CheckTerm -> Maybe ()
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On to dependent types

9



Γ ! t : σ σ "β τ

Γ ! t : τ

Type checking needs to perform evaluation!
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Type rules 

Γ, x : σ ! t : τ

Γ ! λx.t : σ → τ

Γ ! t1 : σ → τ Γ ! t2 : σ

Γ ! t1t2 : τ

Simply typed lambda calculus
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Type rules 

Γ, x : σ ! t : τ [x]

Γ ! λx.t : (x : σ) → τ [x]

Γ ! t1 : (x : σ) → τ [x] Γ ! t2 : σ

Γ ! t1t2 : τ [t2]

Dependently typed lambda calculus
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What needs to change?
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Implementing
dependent types

• Terms and values

• No separate data type for our types!

• Substitution

• Evaluation

• Type checking

• Avoid conversion check by fully 
evaluating types.
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Abstract syntax – 
examples

λa.λx.x : (a : ") → a → a

Aside: there are some theoretical problems with the 
system I present here.

(a : ∗) → a → a : ∗
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Abstract syntax –
specification

e, τ, σ ::= x

| e1 e2

| λx.e

| ∗

| (x : σ) → τ
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Terms

 
 data InferTerm
  = -- Check, Var, Par, App and
  | Star -- the type of all types
  | Pi CheckTerm CheckTerm 
    -- dependent function space
    -- (x : sigma) -> tau[x]
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Evaluation - new spec

∗ ⇓ ∗

τ ⇓ v τ
′ ⇓ v

′

(x : τ) → τ
′ ⇓ (x : v) → v

′
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Values – implementation

 data Value
   = VApp Name [Value]  -- x (\y -> y)
   | VLam (Value -> Value) -- (\y -> y)
   | VStar -- just like the Star term
   | VPi Value (Value -> Value)
      -- VPi domain range
      -- note the dependency!   
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Substitution is still easy.

19



Evaluation - what’s new

 
 type Env = [Value]

 evalInfer Star env = VStar
 evalInfer (Pi d r) env = 
   VPi (evalInfer d env) 
       (\v -> evalInfer r (v:env))

The rest is unchanged.
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Type checking – 
new specification

Γ ! ∗ : ∗

Γ ! σ : ∗ Γ, x : σ ! τ : ∗

Γ ! (x : σ) → τ : ∗

Γ ! e : σ σ $β τ

Γ ! e : τ
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Conversion rule

• Note that the conversion rule is not 
syntax directed.

• We ensure all our types are always fully 
evaluated.

• Conversion then boils down to checking if 
two values (types) coincide.

Γ ! e : σ σ "β τ

Γ ! e : τ
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Type inference
 inferType :: Int -> Context -> InferTerm
   -> Maybe Value

 inferType i g (Star) = return VStar
 
 inferType i g (Pi d r) = do
   checkType i g VStar d
   let dVal = eval d []
   checkType (i+1) ((i,dVal) : g) VStar
     (subst 0 (Par i) r)
   return VStar
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Type checking

 
 checkType :: Int -> Context -> Value
   -> CheckTerm -> Maybe ()

 checkType i g (VPi d r) (Lam t) = 
   checkType (i+1) ((i,d):g) 
    (r (VApp i [])) (subst 0 (Par i) t)
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Dependent types

 
 inferType i g (App f x) = do
   VPi d r <- inferType i g f
   checkType i g d x
   return (r (eval x []))
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Quoting

• To actually display and compare values, we 
need a function: 

   quote :: Value -> CheckTerm

• Idea: fully apply a value to fresh variables.
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What is still missing?
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And now to write a 
programming 

language...
• This calculus is not much more useful than 

the simply typed lambda calculus.

• We need to add data types, pattern 
matching, and recursion.
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General pattern

• When is X a valid type?

• How are elements of X created? 
(constructors)

• What is the type of the fold over X? How 
does this fold compute?

• (When are two X types equal? When are 
two inhabitants of X equal?)
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Adding natural numbers

• To do any “real programming” with 
dependent types, we need to add data 
types.

• I’ll introduce natural numbers to the 
language – most other types can be 
implemented analogously.
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Natural numbers 
in Haskell 

 data Nat = Zero | Succ Nat

 plus :: Nat -> Nat -> Nat
 plus Zero n = n
 plus (S k) n = S (plus k n)

We need to add a new type and the 
constructors. 
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Eliminators

• How should we write functions, such as 
plus, using pattern matching and recursion?

• We write functions over natural numbers 
using the eliminator, a higher order 
function similar to a fold.
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Folding over 
natural numbers

• In Haskell, we could write the fold over 
natural numbers as:

 foldNat :: 
  forall a .    -- target type
  a ->          -- the Zero case
  (a -> a) ->   -- the Succ case
  Nat ->        
  a
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How can we make this 
more general?
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Dependent eliminators

• Using dependent types we can be more 
general. 

• We distinguish in the type between the 
cases for successor and zero.
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Eliminator for
 natural numbers

 natElim : 
 (m : (n : Nat) -> *) -- motive
  m Zero ->   -- the Zero case
  ((k:Nat) -> -- predecessor
    m k ->    -- ind. hypothesis
    m (Succ k)) -- ind. step
  (n : Nat) ->      
  m n
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Using the eliminator

• We can use the eliminator to write 
functions, like plus:

 plus m n = 
   natElim (\m -> Nat)
     n
     (\pred rec -> S rec)
     m
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Implementation – 
overview

• To implement natural numbers we need to:

• add a new type, new constructors, 
and the eliminator to the abstract 
syntax

• add new values, corresponding to the 
new normal forms

• extend our functions for type checking 
and substitution.
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Extending values

 data Val =
   VNat | VZero | VSucc Val | 
   VNatElim Val Val Val Val ...

We need to add a new constructors to the 
value type.
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Evaluation

evalInfer (NatElim m mz ms k) e =
 let mzVal = evalCheck mz e
     msVal = evalCheck ms e
     rec kVal = case kval of
       VZero -> mzVal
       VSucc v -> 
         msVal `vapp` v `vapp` rec v
 -- and a branch for neutral elim
in rec (evalCheck k e)       
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Type checking - I

inferType i g Nat = return VStar
inferType i g Zero = return VNat
inferType i g (Succ k) = do
  checkType i g k VNat
  return VNat

  

41



Type checking - II

inferType i g (NatElim m mz ms k) = do
  checkType i g m (VPi VNat (const VStar))
  let mVal = eval m []
  checkType i g mz (mVal `vapp` VZero)
  checkType i g ms VPi VNat (\k ->
     VPi (mVal `vapp` k) (\_ ->
     mVal `vapp` (VSucc k)))
  checkType i g k VNat
  let kVal = eval k []
  return (mVal `vapp` kVal)
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The paper & code

• There are a lot more examples of how to 
add new types to the system:

• vectors;

• finite types Fin n;

• equality;

• ...
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Coq
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What is Coq?

• A total functional programming language...

• ... with dependent types

• ... and a tactic language to help write proofs.
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Coq IDE

• Most binaries come with CoqIDE, which 
allows you to interactively complete Coq 
proofs;

• Emacs users may prefer ProofGeneral.

•Homework: be sure to have a working 
Coq setup before the next lecture!
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Software foundations

• HTML and Coq code available from:

www.cis.upenn.edu/~bcpierce/sf   
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Coq Demo
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Homework

• Install Coq and try to write a simple 
lambda calculus expressions for S, K, and I.

• Have a look at the suggested projects. Email 
me about your choice of partner and at 
least two topics;

• Study suggested papers. Email me with your 
preferences.
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