
1

C
om

pu
tin

g
Su

rv
ey

s,
V

ol
17

n.
4,

pp
47

1-
52

2,
D

ec
em

be
r

19
85

O
n

U
nd

er
st

an
di

ng
T

yp
es

,
D

at
a

A
bs

tr
ac

tio
n,

an
d

P
ol

ym
or

ph
is

m

Lu
ca

Ca
rd

el
li

A
T

&
T

B
e

ll
La

bo
ra

to
rie

s,
M

ur
ra

y
H

ill
,

N
J

07
97

4
(c

ur
re

nt
ad

dr
es

s:
D

EC
SR

C,
13

0
Ly

tto
n

A
ve

,
Pa

lo
A

lto
C

A
94

30
1)

Pe
te

r
W

eg
ne

r
D

ep
t.

of
C

om
pu

te
r

S
ci

en
ce

,
B

ro
w

n
U

ni
ve

rs
ity

P
ro

vi
de

nc
e,

R
I0

29
12

Ab
st

ra
ct

O
ur

ob
je

ct
iv

e
is

to
un

de
rs

ta
nd

th
e

no
tio

n
o
ft

yp
e

in
pr

og
ra

m
m

in
g

la
ng

ua
ge

s,
pr

es
en

t
a

m
od

el
of

ty
pe

d,
po

ly
m

or
ph

ic
pr

og
ra

m
m

in
g

la
ng

ua
ge

s
th

at
re

fle
ct

s
re

ce
nt

re
se

ar
ch

in
ty

pe
th

eo
ry

,
an

d
ex

am
in

e
th

e
re

le
va

nc
e



of
re

ce
nt

re
se

ar
ch

to
th

e
de

si
gn

of
pr

ac
tic

al
pr

og
ra

m
m

in
g

la
ng

ua
ge

s.
O

bj
ec

t-o
rie

nt
ed

la
ng

ua
ge

s
pr

ov
id

e
bo

th
a

fra
m

ew
or

k
an

d
a

m
ot

iv
at

io
n

fo
r

ex
pl

or
in

g
th

e
in

te
ra

ct
io

n

adamtoa
n agb stt

hraec cti
oonnc ae

nptds  so
inf ctey p

tye,p ed 
aintha ea

rbitsatrna
ccet iiosn

 a,n a inm
dp poortl

aynmt of
orprmhi s

omf ,p os
liynmceo

 rtphheyi
s mex. tW

ened  dte
hvee nlo

opti oa n
λ o-cfa tl

ycpuelu t
so-

ba
se

d
m

od
el

fo
r

ty
pe

sy
st

em
s

th
at

al
lo

w
s

us
to

ex
pl

or
e

th
es

e
in

te
ra

ct
io

ns
in

a
si

m
pl

e
se

tti
ng

,
un

en
cu

m
be

re
d

by
co

m
pl

ex
iti

es
of

pr
od

uc
tio

n
pr

og
ra

m
m

in
g

la
ng

ua
ge

s.
Th

e
ev

ol
ut

io
n

o
f

la
ng

ua
ge

s
fr

o
m

un
ty

pe
d

un
iv

er
se

s
to

m
on

om
or

ph
ic

an
d

th
en

po
ly

m
or

ph
ic

ty
pe

sy
st

em
s

is
re

vi
ew

ed
.

M
ec

ha
ni

sm
s

fo
r

po
ly

m
or

ph
is

m
su

ch
as

ov
er

lo
ad

in
g,

co
er

ci
on

,
su

bt
yp

in
g,

an
d

pa
ra

m
et

er
iz

at
io

n
ar

e
ex

am
in

ed
.

A
un

ify
in

g
fra

m
ew

or
k

fo
r

po
ly

m
or

ph
ic

ty
pe

sy
st

em
s

is
de

ve
lo

pe
d

in
te

rm
s

of
th

e
ty

pe
d

λ-
ca

lc
ul

us
au

gm
en

te
d

to
in

cl
ud

e
bi

nd
in

g
of

ty
pe

s
by

qu
an

tif
ic

at
io

n
as

w
el

l
as

bi
nd

in
g

o
fv

al
ue

s

by absT
thraec t

tiyopne.
dλ

-c
al

cu
lu

s 
is

 a
ug

m
en

te
d 

by
 u

ni
ve

rs
al

 q
ua

nt
ifi

ca
tio

n 
to

 m
od

el
 g

en
er

ic
 fu

nc
tio

ns
 w

ith
 ty

pe
pa

ra
m

et
er

s,
ex

is
te

nt
ia

l
qu

an
tif

ic
at

io
n

an
d

pa
ck

ag
in

g
(in

fo
rm

at
io

n
hi

di
ng

)
to

m
od

el
ab

st
ra

ct
da

ta
ty

pe
s,

an
d

bo
un

de
d

qu
an

tif
ic

at
io

n
to

m
od

el
su

bt
yp

es
an

d
ty

pe
in

he
rit

an
ce

.
In

th
is

w
ay

w
e

ob
ta

in
a

si
m

pl
e

an
d

pr
ec

is
e

ch
ar

ac
te

riz
at

io
n

o
f

a
po

w
er

fu
l

ty
pe

sy
st

em
th

at
in

cl
ud

es
ab

st
ra

ct
da

ta
ty

pe
s,

pa
ra

m
et

ric
po

ly
m

or
ph

is
m

,
an

d

λm
-uc

altli
pcu

lelu
 isn

 ha
ere

ri d
tais

ncc
ue 

sisn
e d

a. s
ing

le c
ons

iste
nt f

ram
ewo

rk. 
The

 me
cha

nism
s fo

r ty
pe 

che
ckin

g fo
r th

e a
ugm

ent
ed

Th
e

au
gm

en
te

d
ty

pe
d

λ-
ca

lc
ul

us
is

us
ed

as
a

pr
og

ra
m

m
in

g
la

ng
ua

ge
fo

r
a

va
rie

ty
o
f

ill
us

tr
at

iv
e

ex
am

pl
es

.
W

e
ch

ris
te

n
th

is
la

ng
ua

ge
F

un
be

ca
us

e
fu

n
in

st
ea

d
of

λ
is

th
e

fu
nc

tio
na

l
ab

st
ra

ct
io

n
ke

yw
or

d

aprnodg b
rFaemcua

unm siein
s gi t m lia

sant pghlu
eemaagsa

aetnsic ta
 wtloliy tdh

 e staiylmp
 wep ilfteh

a c.ainlidti
 ecsa nth 

saet ravre
e  ams oa

r eb apsoi
ws eforfru

 lt haen dd
e esixgpn

r eassnidv
 ei mthpal

enm theon
staet ioofn

 e xoifs tri
enagl

pr
og

ra
m

m
in

g
la

ng
ua

ge
s.

In
pa

rti
cu

la
r,

it
pr

ov
id

es
a

ba
si

s
fo

r
th

e
de

si
gn

o
f

st
ro

ng
ly

ty
pe

d
ob

je
ct

-o
rie

nt
ed

la
ng

ua
ge

s. 2



Co
nt

en
ts

1.
Fr

om
U

nt
yp

ed
to

Ty
pe

d
U

ni
ve

rs
es

2. Th111111e......413 625λ......
      -TSTOPKChrtyrieaanepgvtl

a idecEicn seu Ev awilozuxonif
 snpldo uPgf rotSe i FotlsUyrus

nomin nonotyongf  pr TTSepuy
ydhbpp iUsliemansnng iigvnue 

rPasgroeesgsramming Langua
ges

2.
1.

Th
e

U
nt

yp
ed

λ-
C

al
cu

lu
s

2.
2.

Th
e

Ty
pe

d
λ-

C
al

cu
lu

s

43..  TUy
2npi.v3ee

.s  rBasra
aels  QiS

ceu Ttasy
n poteiff V

sic, aSatl
tiurouenc

stured Ty
pes and R

ecursion
4.

1.
U

ni
ve

rs
al

Q
ua

nt
ifi

ca
tio

n
an

d
G

en
er

ic
Fu

nc
tio

ns
4.

2.
Pa

ra
m

et
ric

Ty
pe

s
5.

E
xi

st
en

tia
l

Q
ua

nt
ifi

ca
tio

n
5.

1.
E

xi
st

en
tia

l
Q

ua
nt

ifi
ca

tio
n

an
d

In
fo

rm
at

io
n

H
id

in
g

5.
2.

Pa
ck

ag
es

an
d

A
bs

tra
ct

D
at

a
Ty

pe
s

5.
3.

C
om

bi
ni

ng
U

ni
ve

rs
al

an
d

E
xi

st
en

tia
l

Q
ua

nt
ifi

ca
tio

n
5.

4.
Q

ua
nt

ifi
ca

tio
n

an
d

M
od

ul
es

5.
5.

M
od

ul
es

ar
e

Fi
rs

t-C
la

ss
V

al
ue

s



6
.

B
o
u
n
d
e
d

Q
u

a
n

ti
fi
c
a

ti
o

n

6666....4123....    CBB
Toyoopumunnep ddIae

nericdds l uoUEnsxni o
iiwsvnteie,tn rhSs tOua

ialb tlhrQ aQeunura gS
anenutsit,fib fiactiycna

patditi oIinonngn h aM
 eanrndiedt caS hnPua

cabnertitysiampli snAg
bstraction

7
.

T
y
p

e
C

h
e

ck
in

g
a
n
d

T
y
p

e
In

fe
re

n
ce

8
.

H
ie

ra
rc

h
ic

a
l

C
la

s
s
if
ic

a
ti
o
n

o
f

T
y
p

e
S

ys
te

m
s

9.
C

o
n

cl
u

si
o

n
s

A
c
k
n
o
w

le
d
g
e
m

e
n
ts

R
e
fe

re
n
ce

s
A

p
p

e
n

d
ix

:
T

y
p

e
In

fe
re

n
ce

R
u
le

s

3 1.
Fr

om
Un

ty
pe

d
to

Ty
pe

d
Un

ive
rs

es

1.
1.

O
rg

an
izi

ng
Un

ty
pe

d
Un

ive
rs

es
In

st
ea

d
o
f

as
ki

ng
th

e
qu

es
tio

n
W

ha
t

is
a

ty
pe

?
w

e
as

k
w

hy
ty

pe
s

ar
e

ne
ed

ed
in

pr
og

ra
m

m
in

g
la

ng
ua

ge
s.

T
o

an
sw

er
th

is
qu

es
tio

n
w

e
lo

ok
at

ho
w

ty
pe

s
ar

is
e

in
se

ve
ra

l
do

m
ai

ns
of

co
m

pu
te

r
sc

ie
nc

e
an

d
m

at
he

m
at

ic
s.

Th
e

ro
ad

fr
o

m
un

ty
pe

d
to

ty
pe

d
un

iv
er

se
s

ha
s

be
en

fo
llo

w
ed

m
an

y
tim

es
in

m
an

y
di

ffe
re

nt
fie

ld
s,

an
d

la
rg

el
y

fo
r

th
e

sa
m

e
re

as
on

s.
C

on
si

de
r,

fo
r

ex
am

pl
e,

th
e

fo
llo

w
in

g
un

ty
pe

d
un

iv
er

se
s:

(1
)

B
it

st
rin

gs
in

co
m

pu
te

r
m

em
or

y
(2

)
S

-e
xp

re
ss

io
ns

in
pu

re
Li

sp
(3

)
λ-

ex
pr

es
si

on
s

in
th

e
λ-

ca
lc

ul
us

(4
)

Se
ts

in
se

t
th

eo
ry



Th
e

m
os

t
co

nc
re

te
o
f

th
es

e
is

th
e

un
iv

er
se

o
f

b
it

st
rin

gs
in

co
m

pu
te

r
m

em
or

y.
‘U

nt
yp

ed
’

ac
tu

al
ly

m
ea

ns
th

at
th

er
e

is
on

ly
on

e
ty

pe
,

an
d

he
re

th
e

on
ly

ty
pe

is
th

e
m

em
or

y
w

or
d,

w
hi

ch
is

a
b

it
st

rin
g

of
fix

ed
si

ze
.

Th
is

un
iv

er
se

is
un

ty
pe

d
be

ca
us

e
ev

er
yt

hi
ng

ul
tim

at
el

y
ha

s
to

be
re

pr
es

en
te

d
as

b
it

st
rin

gs
:

ch
ar

ac
te

rs
,

nannou  m
wexbateey

rs ron, afpl
 t oeinilntlte

inerrgpsr w
,e sthatrtau

itoc itnsu  r
obefed ii tn

dsg ac rtoa
en,p tpreer

nostges.rn
tameds. , T

ethce.  Wm
ehaenni nl

ogo okfi na
g p iaetc a

e  poife cm
ee omf ora

ryw i ms ce
rmitoicrayl 

ltyh edreet
 eisr mgein

needra blly
y

Li
sp

's
S

-e
xp

re
ss

io
ns

fo
rm

an
ot

he
r

un
ty

pe
d

un
iv

er
se

,
on

e
w

hi
ch

is
us

ua
lly

bu
ilt

on
to

p
o
ft

he
pr

ev
io

us
bi

t-
st

rin
g

un
iv

er
se

.
P

ro
gr

am
s

an
d

da
ta

ar
e

no
t

di
st

in
gu

is
he

d,
an

d
ul

tim
at

el
y

ev
er

yt
hi

ng
is

an
S

-e
xp

re
ss

io
n

o
f

so
m

e
ki

nd
.

A
ga

in
,

w
e

ha
ve

on
ly

on
e

ty
pe

(S
-e

xp
re

ss
io

ns
),

al
th

ou
gh

th
is

is
so

m
ew

ha
t

m
or

e
st

ru
ct

ur
ed

(a
to

m
s

an
d

co
ns

-c
el

ls
ca

n
be

di
st

in
gu

is
he

d)
an

d
ha

s
be

tte
r

pr
op

er
tie

s
th

an
b

it
st

rin
gs

.
In

th
e

λ
-c

al
cu

lu
s,

ev
er

yt
hi

ng
is

(o
r

is
m

ea
nt

to
re

pr
es

en
t)

a
fu

nc
tio

n.
N

um
be

rs
,

da
ta

st
ru

ct
ur

es
an

d
ev

en
b

it
st

rin
gs

ca
n

be
re

pr
es

en
te

d
by

ap
pr

op
ria

te
fu

nc
tio

ns
.

Y
et

th
er

e
is

on
ly

on
e

ty
pe

:
th

e
ty

pe
o
f

fu
nc

tio
ns

fr
om

va
lu

es
to

va
lu

es
,

w
he

re
a
ll

th
e

va
lu

es
ar

e
th

em
se

lv
es

fu
nc

tio
ns

of
th

e
sa

m
e

ty
pe

.
In

se
t

th
eo

ry
,

ev
er

yt
hi

ng
is

ei
th

er
an

el
em

en
t

or
a

se
t

of
el

em
en

ts
an

d/
or

ot
he

r
se

ts
.

T
o

un
de

rs
ta

nd
ho

w
un

ty
pe

d
th

is
un

iv
er

se
is

,o
ne

m
us

t
re

m
em

be
r

th
at

m
os

t
of

m
at

he
m

at
ic

s,
w

hi
ch

is
fu

ll
of

ex
tre

m
el

y
ri
ch

an
d

co
m

pl
ex

st
ru

ct
ur

es
,

is
re

pr
es

en
te

d
in

se
t

th
eo

ry
by

se
ts

w
ho

se
st

ru
ct

ur
al

co
m

pl
ex

ity
re

fle
ct

s
th

e
co

m
pl

ex
ity

o
f

th
e

st
ru

ct
ur

es
be

in
g

re
pr

es
en

te
d.

F
or

ex
am

pl
e,

in
te

ge
rs

ar
e

ge
ne

ra
lly

re
pr

es
en

te
d

by
se

ts
of

se
ts

o
f

se
ts

w
ho

se
le

ve
l

of
ne

st
in

g
re

pr
es

en
ts

th
e

ca
rd

in
al

ity
of

th
e

in
te

ge
r,

w
hi

le
fu

nc
tio

ns
ar

e
re

pr
es

en
te

d
by

po
ss

ib
ly

in
fin

ite
se

ts
o
fo

rd
er

ed
pa

irs
w

ith
un

iq
ue

fir
st

co
m

po
ne

nt
s.

A
s

so
on

as
w

e
st

ar
t

w
or

ki
ng

in
an

un
ty

pe
d

un
iv

er
se

,
w

e
be

gi
n

to
or

ga
ni

ze
it

in
di

ffe
re

nt
w

ay
s

fo
r

dbaie fmhfea
orrveeion ort 

r. p lTuehrsep
s o wcsleeals

s.ls- iTdfeyicf
pianetieso da

n r tyiosfep e
 oi bnsyfjoesc

tremtsm ailn.
 l yTt eyirnpm

 eassn  oayfr
  idtsoheme n

 aapiutnur prt
aool slcyea,s

 t efevogero n
wr ishztaeicr 

ohtib ntjhgece
 fytrs oa amre

c  cuuonsrtey
ddipn eegvd 

 etoun nttuhiv
aeelilrrys u er

ssea.sguelt s
a nind

In
co

m
pu

te
r

m
em

or
y,

w
e

di
st

in
gu

is
h

ch
ar

ac
te

rs
an

d
op

er
at

io
ns

,
bo

th
re

pr
es

en
te

d
as

b
it

st
rin

gs
.

In
Li

sp
,

so
m

e
S

-e
xp

re
ss

io
ns

ar
e

ca
lle

d
lis

ts
w

hi
le

ot
he

rs
fo

rm
le

ga
lp

ro
gr

am
s.

In
λ

-c
al

cu
lu

s
so

m
e

fu
nc

tio
ns

ar
e

ch
os

en
to

re
pr

es
en

t
bo

ol
ea

n
va

lu
es

,
ot

he
rs

to
re

pr
es

en
t

in
te

ge
rs

.
In

se
t

th
eo

ry
so

m
e

se
ts

ar
e

ch
os

en
to

de
no

te

Soredtse ro
eUfd no ptb

ayjiperesctd
,s a  uwnnd

iitv hseo mu
rsneeis f so

oerftm sc  o
obmfe hopa

rudvteairote
rio dnm paa

al yior bsb e
aje rnecta s

tmh deeend
c  caoanmld

lpe aodsr fe
eu  rnneacfe

ttiurorrnead
lsl. yto i nats

o t ysupbes
se. tFs owr 

itehx aumnp
ifoler,m a lb

l eihnatevgi
oerrs.

ex
hi

bi
t

un
ifo

rm
be

ha
vi

or
by

ha
vi

ng
th

e
sa

m
e

se
t

o
f

ap
pl

ic
ab

le
op

er
at

io
ns

.
Fu

nc
tio

ns
fr

o
m

in
te

ge
rs

to



in
te

ge
rs

be
ha

ve
un

ifo
rm

ly
in

th
at

th
ey

ap
pl

y
to

ob
je

ct
s

o
fa

gi
ve

n
ty

pe
an

d
pr

od
uc

e
va

lu
es

of
a

gi
ve

n
ty

pe
.

A
ft

e
r

a
va

lia
nt

or
ga

ni
za

tio
n

ef
fo

rt
,

th
en

,
w

e
m

ay
st

ar
t

th
in

ki
ng

o
f

un
ty

pe
d

un
iv

er
se

s
as

if
th

ey
w

er
e

ty
pe

d.
B

ut
th

is
is

ju
st

an
ill

us
io

n,
be

ca
us

e
it

is
ve

ry
ea

sy
to

vi
ol

at
e

th
e

ty
pe

di
st

in
ct

io
ns

w
e

ha
ve

ju
st

cr
ea

te
d.

In
co

m
pu

te
r

m
em

or
y,

w
ha

t
is

th
e

bi
t-

w
is

e
bo

ol
ea

n
o

r
o
f

a
ch

ar
ac

te
r

an
d

a
m

ac
hi

ne
op

er
at

io
n?

In
Li

sp
,

w
ha

t
is

th
e

ef
fe

ct
o
f

tre
at

in
g

an
ar

bi
tra

ry
S

-e
xp

re
ss

io
n

as
a

pr
og

ra
m

?
In

th
e

λ-
ca

lc
ul

us
,

w
ha

t
is

th
e

ef
fe

ct
o
f

a
co

nd
iti

on
al

ov
er

a
no

n-
bo

ol
ea

n
va

lu
e?

In
se

tt
he

or
y,

w
ha

t
is

th
e

se
t-u

ni
on

of
th

e
fu

nc
tio

n
su

cc
es

so
r

an
d

th
e

fu
nc

tio
n

pr
ed

ec
es

so
r?

S
uc

h
qu

es
tio

ns
ar

e
th

e
un

fo
rtu

na
te

co
ns

eq
ue

nc
e

of
or

ga
ni

zi
ng

un
ty

pe
d

un
iv

er
se

s
w

ith
ou

t
go

in
g

a
ll

th
e

w
ay

to
ty

pe
d

sy
st

em
s;

it
is

th
en

m
ea

ni
ng

fu
l

to
as

k
ab

ou
t

th
e

(a
rb

itr
ar

y)
re

pr
es

en
ta

tio
ns

o
f

hi
gh

er
-le

ve
l

co
nc

ep
ts

an
d

th
ei

r
in

te
ra

ct
io

ns
.

1.
2.

St
at

ic
an

d
St

ro
ng

Ty
pi

ng
A

ty
pe

sy
st

em
ha

s
as

its
m

aj
or

pu
rp

os
e

to
av

oi
d

em
ba

rr
as

si
ng

qu
es

tio
ns

ab
ou

t
re

pr
es

en
ta

tio
ns

,
an

d
to

fo
rb

id
si

tu
at

io
ns

w
he

re
th

es
e

qu
es

tio
ns

m
ig

ht
co

m
e

up
.

In
m

at
he

m
at

ic
s

as
in

pr
og

ra
m

m
in

g,
ty

pe
s

im
po

se
co

ns
tra

in
ts

w
hi

ch
he

lp
to

en
fo

rc
e

co
rre

ct
ne

ss
.

So
m

e
un

ty
pe

d
un

iv
er

se
s,

lik
e

na
iv

e
se

tt
he

or
y,

w
er

e
fo

un
d

to
be

lo
gi

ca
lly

in
co

ns
is

te
nt

,
an

d
ty

pe
d

ve
rs

io
ns

w
er

e
pr

op
os

ed
to

el
im

in
at

e
in

co
ns

is
te

nc
ie

s.
Ty

pe
d

ve
rs

io
ns

of

soebtj e
thcetso

 r(iyn,  t
juhisst  

cliaksee
  styetp

se)d f p
rormog

 irnacm
onmsiin

sgte lna
tn ignut

eargaec
st,i oim

n wpoit
she  oc

tohnesr
t orabijn

etcst so
.n objec

t interac
tion wh

ich prev
ent

A
ty

pe
m

ay
be

vi
ew

ed
as

a
se

t
o
f

cl
ot

he
s

(o
r

a
su

it
of

ar
m

or
)

th
at

pr
ot

ec
ts

an
un

de
rly

in
g

un
ty

pe
d

re
pr

es
en

ta
tio

n
fr

om
ar

bi
tra

ry
or

un
in

te
nd

ed
us

e.
It

pr
ov

id
es

a
pr

ot
ec

tiv
e

co
ve

rin
g

th
at

hi
de

s
th

e
un

de
rly

in
g

re
pr

es
en

ta
tio

n
an

d
co

ns
tra

in
s

th
e

w
ay

ob
je

ct
s

m
ay

in
te

ra
ct

w
ith

ot
he

r
ob

je
ct

s.
In

an
un

ty
pe

d
sy

st
em

un
ty

pe
d

ob
je

ct
s

ar
e

na
ke

d
in

th
at

th
e

un
de

rly
in

g
re

pr
es

en
ta

tio
n

is
ex

po
se

d
fo

r
a
ll

to
se

e.
V

io
la

tin
g

th
e

ty
pe

sy
st

em
in

vo
lv

es
re

m
ov

in
g

th
e

pr
ot

ec
tiv

e
se

t
of

cl
ot

hi
ng

an
d

op
er

at
in

g
di

re
ct

ly
on

th
e

na
ke

d
re

pr
es

en
ta

tio
n.

O
bj

ec
ts

of
a

gi
ve

n
ty

pe
ha

ve
a

re
pr

es
en

ta
tio

n
th

at
re

sp
ec

ts
th

e
ex

pe
ct

ed
pr

op
er

tie
s

o
f

th
e

da
ta

ty
pe

.
Th

e
re

pr
es

en
ta

tio
n

is
ch

os
en

to
m

ak
e

it
ea

sy
to

pe
rf

or
m

ex
pe

ct
ed

op
er

at
io

ns
on

da
ta

ob
je

ct
s.

F
or

ex
am

pl
e,

4 po
si

tio
na

l
no

ta
tio

n
is

fa
vo

re
d

fo
r

nu
m

be
rs

be
ca

us
e

it
al

lo
w

s
ar

ith
m

et
ic

op
er

at
io

ns
to

be
ea

si
ly

de
fin

ed
.

B
ut



th
er

e
ar

e
ne

ve
rth

el
es

s
m

an
y

po
ss

ib
le

al
te

rn
at

iv
es

in
ch

oo
si

ng
da

ta
re

pr
es

en
ta

tio
ns

.
B

re
ak

in
g

th
e

ty
pe

sy
st

em
al

lo
w

s
a

da
ta

re
pr

es
en

ta
tio

n
to

be
m

an
ip

ul
at

ed
in

w
ay

s
th

at
w

er
e

no
t

in
te

nd
ed

,
w

ith
po

te
nt

ia
lly

di
sa

st
ro

us
re

su
lts

.
F

or
ex

am
pl

e,
us

e
o
fa

n
in

te
ge

r
as

a
po

in
te

r
ca

n
ca

us
e

ar
bi

tra
ry

m
od

ifi
ca

tio
ns

to
pr

og
ra

m
s

an
d

da
ta

.
T

o
pr

ev
en

t
ty

pe
vi

ol
at

io
ns

,
w

e
ge

ne
ra

lly
im

po
se

a
st

at
ic

ty
pe

st
ru

ct
ur

e
on

pr
og

ra
m

s.
Ty

pe
s

ar
e

as
so

ci
at

ed
w

ith
co

ns
ta

nt
s,

op
er

at
or

s,
va

ria
bl

es
,

an
d

fu
nc

tio
n

sy
m

bo
ls

.
A

ty
pe

in
fe

re
nc

e
sy

st
em

ca
n

be
us

ed

tPoa sicn
fael ra nt

hde A ty
dpae, st 

hoef  ety
xpper eo

sfs ivoan
rsi awblh

ees na ln
itdt lefu o

nrc tnioo
n t yspye

m ibnoflo
sr mis ad

teifoinn e
ids  gbiy

v erend e
uxnpdlai

cnitt ldye
. cIlna rla

atniognu
sa gaens

d l itkhee
co

m
pi

le
r

ca
n

ch
ec

k
th

e
co

ns
is

te
nc

y
o
f

de
fin

iti
on

an
d

us
e.

In
la

ng
ua

ge
s

lik
e

M
L
,

ex
pl

ic
it

de
cl

ar
at

io
ns

ar
e

av
oi

de
d

w
he

re
ve

r
po

ss
ib

le
an

d
th

e
sy

st
em

m
ay

in
fe

r
th

e
ty

pe
of

ex
pr

es
si

on
s

fr
om

lo
ca

l
co

nt
ex

t,
w

hi
le

st
ill

es
ta

bl
is

hi
ng

co
ns

is
te

nt
us

ag
e.

P
ro

gr
am

m
in

g
la

ng
ua

ge
s

in
w

hi
ch

th
e

ty
pe

o
f

ev
er

y
ex

pr
es

si
on

ca
n

be
de

te
rm

in
ed

by
st

at
ic

pr
og

ra
m

an
al

ys
is

ar
e

sa
id

to
be

st
at

ic
al

ly
ty

pe
d.

S
ta

tic
ty

pi
ng

is
a

us
ef

ul
pr

op
er

ty
,

bu
t

th
e

re
qu

ire
m

en
t

th
at

a
ll

va
ria

bl
es

an
d

ex
pr

es
si

on
s

ar
e

bo
un

d
to

a
ty

pe
at

co
m

pi
le

tim
e

is
so

m
et

im
es

to
o

re
st

ric
tiv

e.
It

m
ay

be
re

pl
ac

ed
by

th
e

w
ea

ke
r

re
qu

ire
m

en
t

th
at

a
ll

ex
pr

es
si

on
s

ar
e

gu
ar

an
te

ed
to

be
ty

pe
-c

on
si

st
en

t
al

th
ou

gh
th

e
ty

pe
its

e
lf

m
ay

be
st

at
ic

al
ly

un
kn

ow
n;

th
is

ca
n

be
ge

ne
ra

lly
do

ne
by

in
tr

od
uc

in
g

so
m

e
ru

n-
tim

e
ty

pe
ch

ec
ki

ng
.

La
ng

ua
ge

s
in

w
hi

ch
a
ll

ex
pr

es
si

on
s

ar
e

ty
pe

-c
on

si
st

en
t

ar
e

ca
lle

d
st

ro
ng

ly
ty

pe
d

la
ng

ua
ge

s.
If

a
la

ng
ua

ge
is

st
ro

ng
ly

ty
pe

d
its

co
m

pi
le

r
ca

n
gu

ar
an

te
e

th
at

th
e

pr
og

ra
m

s
it

ac
ce

pt
s

w
ill

ex
ec

ut
e

w
ith

ou
t

ty
pe

er
ro

rs
.

In
ge

ne
ra

l,
w

e
sh

ou
ld

st
riv

e
fo

r
st

ro
ng

ty
pi

ng
,

an
d

ad
op

t
st

at
ic

ty
pi

ng
w

he
ne

ve
r

po
ss

ib
le

.
N

ot
e

th
at

ev
er

y
st

at
ic

al
ly

ty
pe

d
la

ng
ua

ge
is

st
ro

ng
ly

ty
pe

d
bu

t
th

e
co

nv
er

se
is

no
t

ne
ce

ss
ar

ily
tru

e.
S

ta
tic

ty
pi

ng
al

lo
w

s
ty

pe
in

co
ns

is
te

nc
ie

s
to

be
di

sc
ov

er
ed

at
co

m
pi

le
tim

e
an

d
gu

ar
an

te
es

th
at

ex
ec

ut
ed

pr
og

ra
m

s
ar

e
ty

pe
-c

on
si

st
en

t.
It

fa
ci

lit
at

es
ea

rly
de

te
ct

io
n

o
f

ty
pe

er
ro

rs
an

d
al

lo
w

s
gr

ea
te

r
ex

ec
ut

io
n-

tim
e

ef
fic

ie
nc

y.
It

en
fo

rc
es

a
pr

og
ra

m
m

in
g

di
sc

ip
lin

e
on

th
e

pr
og

ra
m

m
er

th
at

m
ak

es
pr

og
ra

m
s

m
or

e
st

ru
ct

ur
ed

an
d

ea
si

er
to

re
ad

.
B

ut
st

at
ic

ty
pi

ng
m

ay
al

so
le

ad
to

a
lo

ss
o
f

fle
xi

b
ili

ty
an

d
ex

pr
es

si
ve

po
w

er
by

pr
em

at
ur

el
y

co
ns

tra
in

in
g

th
e

be
ha

vi
or

o
f

ob
je

ct
s

to
th

at
as

so
ci

at
ed

w
ith

a
pa

rt
ic

ul
ar

ty
pe

.
T

ra
di

tio
na

l
st

at
ic

al
ly

ty
pe

d
sy

st
em

s
ex

cl
ud

e
pr

og
ra

m
m

in
g

te
ch

ni
qu

es
w

hi
ch

,
al

th
ou

gh
so

un
d,

ar
e

in
co

m
pa

tib
le

w
ith

ea
rly

bi
nd

in
g

o
f

pr
og

ra
m

ob
je

ct
s

to
a

sp
ec

ifi
c

ty
pe

.
F

or
ex

am
pl

e
th

ey
ex

cl
ud

e
ge

ne
ric

pr
oc

ed
ur

es
,

e.
g.

so
rti

ng
,

th
at

ca
pt

ur
e

th
e

st
ru

ct
ur

e
of

an
al

go
rit

hm
un

ifo
rm

ly
ap

pl
ic

ab
le

to
a

ra
ng

e
o
ft

yp
es

.

1.
3.

Ki
nd

s
of

Po
lym

or
ph

ism
C

on
ve

nt
io

na
l

ty
pe

d
la

ng
ua

ge
s,

su
ch

as
P

as
ca

l,
ar

e
ba

se
d

on
th

e
id

ea
th

at
fu

nc
tio

ns
an

d
pr

oc
ed

ur
es

,



an
d

he
nc

e
th

ei
r

op
er

an
ds

,
ha

ve
a

un
iq

ue
ty

pe
.

S
uc

h
la

ng
ua

ge
s

ar
e

sa
id

to
be

m
on

om
or

ph
ic

,
in

th
e

se
ns

e
th

at
ev

er
y

va
lu

e
an

d
va

ria
bl

e
ca

n
be

in
te

rp
re

te
d

to
be

o
f

on
e

an
d

on
ly

on
e

ty
pe

.
M

on
om

or
ph

ic
pr

og
ra

m
m

in
g

lmmanoogrre
eu  atthhgaae

nns   omonna
eey   tbtyyep

pe ec. o. PnP
otorlaylysmtm

eodor rpwphh
iiticch t  ypfuo

pnelycs mtiao
roenr spt yha

pircee  slf aw
unnhgcuotsa

ioegn eossp 
 iwenrh awoti

shoeinc oshp
 a esroream n

adep spv l(ai
calucatebusle

a al  ntopd a 
vrvaaamlruie

aetbse loresf
s)   mmcaoan

rye  h htaahv
vaeen

o
n

e
ty

p
e
.



polym
orphis

m



F
ig

ur
e

1:

unive
rsal

pinacrluamsieo
tnric



ad-h
oc

cooveerrlcoi
oanding

Va
rie

tie
s

of
po

ly
m

or
ph

is
m

.
S

tra
ch

ey
[S

tra
ch

ey
67

]
di

st
in

gu
is

he
d,

in
fo

rm
al

ly
,

be
tw

ee
n

tw
o

m
aj

or
ki

nd
s

o
f

po
ly

m
or

ph
is

m
.

P
ar

am
et

ric
po

ly
m

or
ph

is
m

is
ob

ta
in

ed
w

he
n

a
fu

nc
tio

n
w

or
ks

un
ifo

rm
ly

on
a

ra
ng

e
o
f

ty
pe

s:
th

es
e

ty
pe

s



no
rm

al
ly

ex
hi

bi
t

so
m

e
co

m
m

on
st

ru
ct

ur
e.

A
d-

ho
c

po
ly

m
or

ph
is

m
is

ob
ta

in
ed

w
he

n
a

fu
nc

tio
n

w
or

ks
,

or
ap

pe
ar

s
to

w
or

k,
on

se
ve

ra
l

di
ffe

re
nt

ty
pe

s
(w

hi
ch

m
ay

no
t

ex
hi

bi
t

a
co

m
m

on
st

ru
ct

ur
e)

an
d

m
ay

be
ha

ve
in

un
re

la
te

d
w

ay
s

fo
r

ea
ch

ty
pe

.
O

ur
cl

as
si

fic
at

io
n

o
fp

ol
ym

or
ph

is
m

in
Fi

gu
re

1
re

fin
es

th
at

o
f

St
ra

ch
ey

by
in

tro
du

ci
ng

a
ne

w
fo

rm
o
f

ppwooiltlhyym
m nooonrrppu

hhniissivmme
  racsaarell l e

codlra  siasnd
ci-flhiueosdic

 o apsno  ptlh
yoelm ytowm

roop rhmpish
amijos.mr  Ts

 tuhob ucms 
aoFtdeigeglu

o rsriuee bs1
t oy rfpe eufls

ne iacvntesrd
 sS aitnlra hp

ecrohliteyyam
n'soc revp. ih

Pewiasm rao
,mf  wpehtori

ilccymh a ino
sd rc poihnnic

stlrmuass itbo
eudnt

ad
ds

in
cl

us
io

n
po

ly
m

or
ph

is
m

to
m

od
el

ob
je

ct
-o

rie
nt

ed
pr

og
ra

m
m

in
g.

P
ar

am
et

ric
po

ly
m

or
ph

is
m

is
so

ca
lle

d
be

ca
us

e
th

e
un

ifo
rm

ity
o
f

ty
pe

st
ru

ct
ur

e
is

no
rm

al
ly

ac
hi

ev
ed

by
ty

pe
pa

ra
m

et
er

s,
bu

t
un

ifo
rm

ity
ca

n
be

ac
hi

ev
ed

in
di

ffe
re

nt
w

ay
s,

an
d

th
is

m
or

e
ge

ne
ra

l
co

nc
ep

t
is

ca
lle

d
un

iv
er

sa
l

po
ly

m
or

ph
is

m
.

U
ni

ve
rs

al
ly

po
ly

m
or

ph
ic

fu
nc

tio
ns

w
ill

no
rm

al
ly

w
or

k
on

an
in

fin
ite

nu
m

be
r

o
f

ty
pe

s
(a

ll
th

e
ty

pe
s

ha
vi

ng
a

gi
ve

n
co

m
m

on
st

ru
ct

ur
e)

,
w

hi
le

an
ad

-h
oc

po
ly

m
or

ph
ic

fu
nc

tio
n

w
ill

on
ly

w
or

k
on

a
fin

ite
se

t
o
f

di
ffe

re
nt

an
d

po
te

nt
ia

lly
un

re
la

te
d

ty
pe

s.
In

th
e

ca
se

o
f

un
iv

er
sa

l

5 po
ly

m
or

ph
is

m
,

on
e

ca
n

as
se

rt
w

ith
co

nf
id

en
ce

th
at

so
m

e
va

lu
es

(i.
e.

,
po

ly
m

or
ph

ic
fu

nc
tio

ns
)

ha
ve

m
an

y
ty

pe
s,

w
hi

le
in

ad
-h

oc
po

ly
m

or
ph

is
m

th
is

is
m

or
e

di
ffi

cu
lt

to
m

ai
nt

ai
n,

as
on

e
m

ay
ta

ke
th

e
po

si
tio

n
th

at
an

ad
-h

oc
po

ly
m

or
ph

ic
fu

nc
tio

n
is

re
al

ly
a

sm
al

l
se

t
of

m
on

om
or

ph
ic

fu
nc

tio
ns

.
In

te
rm

s
o
fi

m
pl

em
en

ta
tio

n,
a

un
iv

er
sa

lly
po

ly
m

or
ph

ic
fu

nc
tio

n
w

ill
ex

ec
ut

e
th
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h
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ra
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at
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re
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l
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e

a
sp

ec
ia

l
ca

se
o
f

th
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2.

Pa
ra

m
et

ric
Ty

pe
s

If
w

e
ha

ve
tw

o
ty

pe
de

fin
iti

on
s

w
ith

si
m

ila
r

st
ru

ct
ur

e,
fo

r
ex

am
pl

e:

ty
pe

B
oo

lP
ai

r
=

B
oo

l
×Bool

ty
pe

In
tP

ai
r

=
In

t
×Int

w
e

m
ay

w
an

t
to

fa
ct

or
th

e
co

m
m

on
st

ru
ct

ur
e

in
a

si
ng

le
pa

ra
m

et
ric

de
fin

iti
on

an
d

us
e

th
e

pa
ra

m
et

ric
ty

pe
in

de
fin

in
g

ot
he

r
ty

pe
s:

ty
pe

P
ai

r[
T
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=

T
×T

ttyyppee
  PPaaiir

rOOffBIn
ot o=l  P

=a Pira[I
inr[tB]oo

l]
ietx hpares

sA tys ipoty
enp  eIinn 
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l  ttyhy ipen
 etdr eodde
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nndc eit  3i
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e
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t]c eiss  
tah en e

tywp ety
 Ipnet  o

× pInert,
a atonrd
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ilrl oawb
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 its 3 a, 4

ty hpaes
  otyppe
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ri rm[Ina

pt]p.ing
T

yp
e

op
er

at
or

s
ar

e
no

t
ty

pe
s:
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ey

op
er

at
e

on
ty

pe
s.

In
pa

rt
ic

ul
ar

,
on

e
sh

ou
ld

no
t

co
nf

us
e

th
e

fo
llo

w
in

g
no

ta
tio

ns
:



ty
pe

A
[T

]
=

T
→

T
ty

pe
B

=
∀T

.
T

→
T

w
he

re
A

is
a

ty
pe

op
er

at
or

w
hi

ch
,

w
he

n
ap

pl
ie

d
to

a
ty

pe
T

,g
iv

es
th

e
ty

pe
of

fu
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ns
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T
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T
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an
d

B
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op
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or

w
hi
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is

re
cu
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el
y

de
fin

ed
an

d
m

ap
s

an
y

ty
pe

to
lis

ts
of

th
at

ty
pe

:

rec ty] [
pncoeil

:n  LUs
is:n t{i[t

Iht,eeam
d]:  =Ite

m, tail: 
List[Item

]}
A

ge
ne

ric
em

pt
y

lis
t

ca
n

be
de

fin
ed

,
an

d
th

en
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liz
ed

,
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:
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oiltN o=l iNl
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oNf
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 e=r
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ial s
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miz
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l
:∀

Ite
m
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em
]
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n
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e
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tio
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at
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va
lu

e
co

ns
:∀

Ite
m

.
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te
m

×List[Item])→List[Item]=
al

l
Ite

m
. fun (h[:

c oItnes
m =,  t{

:h Leisa
td[I t=e

 mh,] )t
ail = t}]

tNh
oet

 se
 atm

hae
t  Ic

teo
mn
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aen
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ly b
uild

 ho
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gen
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s lis
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e o
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ay 
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me
nts
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d b
y

W
e

sh
ou

ld
m

en
tio

n
th
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er
e
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e

pr
ob

le
m

s
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,
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ge
ne

ra
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w
he

n
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o
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ra
m

et
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e
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pe
de

fin
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on
s

re
pr
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en

t
th

e
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m
e

ty
pe
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[S

ol
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on
78

]
de

sc
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es
th

e
pr

ob
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m
an

d
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re
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re
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g
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e
fo
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Ex
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en
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l

Q
ua

nt
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ca
tio

n
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iop
ne 
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(ae
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ifie
d ty
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∀a
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e m
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m

e
ty

pe
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p
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e
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pe
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F
or

ex
am
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(3
,4

):
∃a

.
a
×a

(3
,4

):
∃a

.
a

w
he

re
a

=
In

t
in

th
e

fir
st

ca
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,
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d
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in

g
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r
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s
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je
ct

s
o
fe
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st

en
tia

l
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pe
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E
ve
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va

lu
e
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ty
pe

∃a
.

a
be

ca
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e
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r
ev

er
y

va
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e
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er
e

ex
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a

ty
pe
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th
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va
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e
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s
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at
ty

pe
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e

ty
pe

∃a
.

a
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s
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e
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to
f
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va
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w
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w

e
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l
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e
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ll
T

op
(th

e
bi

gg
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t
ty

pe
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ty
pe
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∃a
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a
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e
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pe
o
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w
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ve
r
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e
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m
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d
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e
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w
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g
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te

nt
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l
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pe
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∃a
.

∃b
.

a
×b--thetypeofanypairwhatsoever

typ
e o

Tf h
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 qth
 he

a ts
y p

tye
p e

o fa
 a ×

n y
b p
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 be
cau

se,
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 typ
e a
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ke 

a ty
pe 
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) an
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om

e ty
pe 
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ake

 a
Th

e
ty

pe
o
f

an
y
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ge
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er
w

ith
an

in
te

ge
r-

va
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ed
op

er
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n

be
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pl
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no
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e
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g

ex
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∃a
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.
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e
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=
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Th
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∃a

.
a
×aisthetypeofallpairswhatsoever,andisthesameas∃a.∃b.a×b.
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rly

,
an

y
fu

nc
tio
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∃
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a
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w
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w
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∀
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at
io

n
ab

ou
t

a.
E

xi
st

en
tia

lly
ty

pe
d

ob
je

ct
s

ca
n

be
us

ef
ul

,
ho

w
ev

er
,

if
th
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ffi
ci

en
tly

st
ru

ct
ur

ed
.

F
or

ex
am
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∃a
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a
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n

ex
ec

ut
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st
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an
d

ob
ta

in
an

in
te

ge
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en
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ex
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w
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at
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l
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ro
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at
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s  iiatms e×pl
fl ,e(a  we →xh

ia cmIhn pht)
l eiid soe tfs h
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pbtr osetsfr e

aonpcteta rtta
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a

→
In

t.
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es
e

op
er

at
or

s
ar

e
un

na
m

ed
,

bu
t

w
e

ca
n

ha
ve

a
na

m
ed

ve
rs

io
n

by
us

in
g

re
co

rd
ty

pe
s

in
st

ea
d

o
f

C
ar

te
si

an
pr

od
uc

ts
:

x
:

∃a
.

{c
on

st
:

a
,
o

p
:

a
→

In
t}

x.
op

(x
.c

on
st

)

A
s

w
e

do
no

t
kn

ow
w

ha
t

th
e

re
pr

es
en

ta
tio

n
a

re
al

ly
is

(w
e

on
ly

kn
ow

th
at

th
er

e
is

on
e)

,
w

e
ca

nn
ot

m
ak

e
as

su
m

pt
io

ns
ab

ou
t
it
,a

nd
us

er
s

of
x

w
ill

be
un

ab
le

to
ta

ke
ad

va
nt

ag
e

of
an

y
pa

rti
cu

la
r

im
pl

em
en

ta
tio

n
of

a.
A

s
w

e
an

no
un

ce
d

ea
rli

er
,

w
e

ha
ve

be
en

a
b

it
lib

er
al

in
ap

pl
yi

ng
va

rio
us

op
er

at
or

s
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re
ct

ly
to

ob
je

ct
s

of
ex

is
te

nt
ia

l
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pe
s
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x.
op
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ov

e)
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is

w
ill

be
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sa
llo

w
ed

fr
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no
w
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,

fo
r

th
e

on
ly

pu
rp

os
e

of
m

ak
in

g
ou

r
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rm
al
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m
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si

er
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he
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.
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ea
d,

w
e

sh
al

l
ha

ve
ex
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it
la

ng
ua

ge
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s
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r

cr
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tin
g

an
d

m
an

ip
ul

at
in

g
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je
ct

s
o
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xi
st

en
tia

l
ty

pe
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w

e
ha

d
ty

pe
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st
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]
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d
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ic
at
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y
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g
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o
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a
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an

ob
je

ct
o
f

th
e

ty
pe

a
×(a→Int)existswithoutknowingthe

ac
tu

al
ob

je
ct

.
It

is
na

tu
ra

l
to

th
in

k
of

th
e

re
su

lti
ng

ob
je

ct
as

ha
vi

ng
th

e
ex

is
te

nt
ia

l
ty

pe
∃a

.
a
×(a→Int).

va
lu

e
p

=
pa

ck
[a

=I
nt

in
a
×(a→Int)](3,succ):∃a.a×(a→Int)

Pa
ck

ag
ed

ob
je

ct
s

su
ch

as
p

ar
e

ca
lle

d
pa

ck
ag

es
.

Th
e

va
lu

e
(3

,s
uc

c)
is

re
fe

rr
ed

to
as

th
e

co
nt

en
t

o
ft

he
pa

ck
ag

e.
Th

e
ty

pe
a
×(a→Int)istheinterface:itdeterminesthestructurespecificationoftheco

nt
en

ts
an

d
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 ainnddi 
ncgo rar=
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isd sth te
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e  hreidp

dreense 
ndtaatati

 otny:p ie
t
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so

ci
at

ed
w

ith
a

da
ta

ab
st

ra
ct

io
n.

Th
e

ge
ne

ra
l

fo
rm

of
th

e
op

er
at

io
n

pa
ck

is
as

fo
llo

w
s:

pa
ck

[a
=

ty
pe

re
p

in
in

te
rfa

ce
]

(c
on

te
nt

s)

Th
e

op
er

at
io

n
pa

ck
is

th
e

on
ly

m
ec

ha
ni

sm
fo

r
cr

ea
tin

g
ob

je
ct

s
of

an
ex

is
te

nt
ia

l
ty

pe
.

Th
us

,
if

a
va

ria
bl

e
of

an
ex

is
te

nt
ia

l
ty

pe
ha

s
be

en
de

cl
ar

ed
by

a
de

cl
ar

at
io

n
su

ch
as

:

p
:∃

a.
a
×(a→Int)

th
en

p
ca

n
ta

ke
on

ly
va

lu
es

cr
ea

te
d

by
a

pa
ck

op
er

at
io

n.
A

pa
ck

ag
e

m
us

t
be

op
en

ed
be

fo
re

it
ca

n
be

us
ed

:

op
en

p
as

x
in

(s
nd

(x
))

(f
st

(x
))
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negn iinn

g.  Wa p
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thgee  in
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tuucrees
  oaf  nax

 mise  xs
p feocri t

fhieed c 
obnyt eln

atbse ole
f dth ceo

 pmapco
knaegne

t ws, hcic
ohm cpa

onn been
 tuss eod

f  itnh eth
 oep sec

onpeed
pa

ck
ag

e
m

ay
be

re
fe

rr
ed

to
by

na
m

e:

va
lu

e
p

=
pa

ck
[a

=
In

t
in

{a
rg

:a
,

op
:a

→I
nt

}]
(3

,
su

cc
)

op
en

p
as

x
in

x.
op

(x
.a

rg
)

W
e

m
ay

al
so

ne
ed

to
re

fe
r

to
th

e
(u

nk
no

w
n)

ty
pe

hi
dd

en
by

th
e

pa
ck

ag
e.

F
or

ex
am

pl
e,

su
pp

os
e

w
e

Iwna tnh
tiesd c ta

os ea pth
ple yu tn

hken ose
wconn td
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b pmoun

setn bt e
o ef xpp 

tloic ait v
lya lruee

fe orfr et
dh et oa 

bansdtr a
thcet  tfy

oplleo sw
uipnpgl i

feodr ma
s c aann

  ebxet e
ursneadl

: argume
nt.

op
en

p
as

x
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]
in

...
fu

n(
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b)
(s

nd
(x

))
(y

)
...



H
er

e
th

e
ty

pe
na

m
e

b
is

as
so

ci
at

ed
w

ith
th

e
hi

dd
en

re
pr

es
en

ta
tio

n
ty

pe
in

th
e

sc
op

e
fo

llo
w

in
g

in
.

Th
e

ty
pe

o
ft

he
ex

pr
es

si
on

fo
llo

w
in

g
in

m
us

t
no

t
co

nt
ai

n
b,

to
pr

ev
en

t
b

fr
om

es
ca

pi
ng

its
sc

op
e.

verifyTin
hge  tfyu

pnec ctio
onn sotrf

a ionptse
. nI ni sm

 maonsy
t lsyi tuto

a tbiionn
ds  nwae

m mesa 
yfo wr ra

enpt rteo
s eanbtb

arteiovni
a ttey po

epse ann
 pd  taos

 h xe lipn
  txh.ea t

 tyop pe 
.cah. eW

ckee ra r
ien

go
in

g
to

av
oi

d
su

ch
ab

br
ev

ia
tio

ns
to

pr
ev

en
t

co
nf

us
io

n,
bu

t
th

ey
ar

e
pe

rfe
ct

ly
ad

m
is

si
bl

e.
B

ot
h

pa
ck

an
d

op
en

ha
ve

no
ru

n-
tim

e
ef

fe
ct

on
da

ta
.

G
iv

en
a

sm
ar

t
en

ou
gh

ty
pe

ch
ec

ke
r,

on
e

co
ul

d
om

it
th

es
e

co
ns

tru
ct

s
an

d
re

ve
rt

to
th

e
no

ta
tio

n
us

ed
in

th
e

pr
ev

io
us

se
ct

io
n.

5.
2.

Pa
ck

ag
es

an
d

Ab
st

ra
ct

Da
ta

Ty
pe

s
In

or
de

r
to

ill
us

tra
te

th
e

ap
pl

ic
ab

ili
ty

of
ou

r
no

ta
tio

n
to

re
al

pr
og

ra
m

m
in

g
la

ng
ua

ge
s,

w
e

in
di

ca
te

ho
w

mpreoacinoy
t rsbde so  fw

us aei tgdh l f
tooub namclo

tliydo endle  d
cfioantmeadp

 a otbnysetpr
enat cPst mio

oinnay ti  nfbr
 oeA mdusa p

e [adDi rt.osO
  m.oDfo .r d8

eea3ll]  A.n C
udmoa nbpse

aidrcsek ara 
ntghdee s f to

yarnp sdee  h
Pleoocwtini n

teg1x  xifso ta
ren ncdtri eay

al  tciqnougoa
 rngdteiinofia

mctaeetstir o
oicnf

po
in

ts
.

ty
pe

P
oi

nt
=

R
ea

l
×Real

ty
pe

P
oi

nt
1

=
{m

ak
ep

oi
nt

:
(R

ea
l
×Real)→Point,

x_
co

or
d:

P
oi

nt
→

R
ea

l,
y_

co
or

d:
P

oi
nt

→
R

ea
l

}
V

al
ue

s
of

th
e

ty
pe

P
oi

nt
1

ca
n

be
cr

ea
te

d
by

in
iti

al
iz

in
g

ea
ch

o
ft

he
fu

nc
tio

n
na

m
es

of
th

e
ty

pe
P

oi
nt

1
to

fu
nc

tio
ns

of
th

e
re

qu
ire

d
ty

pe
.

In Avdaa,lu ae  } { xympp__aoc
acciknkooteaoog1prre o:dd  i  p

P==noo  tiff iuun=ntnn tf11((u  p
pnw=::P(Pixtooh:Rii nnmett)a)a

  slfk,snyetpd:(Rpo(p)ie,n)at,l)  
x(_x,cyo),ord, and y_coord func

tions may be specified as



fo
llo

w
s: This pepanacdc kkpafffauuouggneni

nne  cccts1ptttipiioo;ooeinnnnc   tifm
yx1_i_ cacciaskotoieooopnrrdod  i i((

nsP Ptn ::(PoPxtoo: Raiinn etttya))  l
pr,ree ey ttu:suRprrenenca  RiRlf)eie

 craaealtlt;;iuornn  bPuot ipnatr;t of a
 value specification. In order to

co
m

pl
et

e
th

e
va

lu
e

sp
ec

ifi
ca

tio
n

in
A

da
,

w
e

m
us

t
su

pp
ly

a
pa

ck
ag

e
bo

dy
of

th
e

fo
llo

w
in

g
fo

rm
:

The pepnaacdck kpaaffgfuuuogennnie nbcc ct-t-bt-1ot--i-dii o ;oo oiyiinmmndmn  y  spxpp
ym ull_l_ppaeeeocpcmmmkoolineioeoeeetprr1snnnd do tttfi a saiau((nPtPttniitioco o::(PPt

nxnnio :oo  oRooniinfnffe    btytmxa))o_ _ lad,rrcc eieoykoett:eousouRp rrrfrdenodona ir  R
nRlf)teue rnaaecllt;t;uiornn  tPypoeins to;f the package specification. In contrast

to
ou

r
no

ta
tio

n,
w

hi
ch

al
lo

w
s

di
ffe

re
nt

fu
nc

tio
n

bo
di

es
to

be
as

so
ci

at
ed

w
ith

di
ffe

re
nt

va
lu

es
o
f

th
e

ty
pe

,

21 A
da

do
es

no
t

al
lo

w
pa

ck
ag

es
to

ha
ve

ty
pe

s,
an

d
di

re
ct

ly
de

fin
es

th
e

fu
nc

tio
n

bo
dy

fo
r

ea
ch

fu
nc

tio
n

ty
pe

in
th

e
pa

ck
ag

e
bo

dy
.

Pa
ck

ag
es

al
lo

w
th

e
de

fin
iti

on
o
f

gr
ou

ps
o
f

re
la

te
d

fu
nc

tio
ns

th
at

sh
ar

e
a

lo
ca

l
hi

dd
en

da
ta

st
ru

ct
ur

e.
F

or
ex

am
pl

e
a

pa
ck

ag
e

lo
ca

lp
oi

nt
w

ith
a

lo
ca

l
da

ta
st

ru
ct

ur
e

po
in

t
ha

s
th

e
fo

llo
w

in
g

fo
rm

:



Hiddepeannd clok lacopffpugaucronnlaoei nv ccclpb
aetttoi:ioroo idiPdannnubyort  xy;li eeln__o smtccc ;

co o aaa oo-lnkprr- e dodbsep i rhnro eeratie nttairu
usetl(rrdixnnze ,  gyRRd:l o eeiRnbaa eallo;;al  u ..lv

..r..)a n; r.oi.ta.abtileo no bf ym tahke elepto cinotn, 
sxtr_uccot:ord, y_coord

Althovaugluhe   A lilonedcta ap    }{ :
 lmdpx yoP__oaeccoiknsiooe ntnoop

 t o=rro=ddti n   =hr=tea   =ffvfu(u e(f
n 0nu(t,()h0)n  e)(fss) xnct:(d oRpn()

pec,e)apl,t  yo:f R ae paal)c kpa :g=e
  (txy,p ye) ,it does have the notion o

f a package
tke

em
ywp

loa
tred

, g 
wen

hie
chr

ic h
.as

 so
me

, bu
t no

t al
l, th

e p
rop

erti
es 

of a
 typ

e. P
ack

age
 tem

pla
tes

 are
 int

rod
uce

d b
y th

e

Vgealnuepeeransic cdp koPaifffnguuuoenn
tni1nc cc tPttta1iiioooo;ndnninn    pyxtm1__

o aiiccnskooteo2opr rododf i  t(n(hPPte :(: P
Pxgo:oeRniinneettra))i  lc,rr  eeypttau:uRcr

rkennaa  gRRl)eee  rataeellmt;;uprlna tPe o
Pionitn;t1 can be introduced as follows:

pa
ck

ag
e

po
in

t1
is

ne
w

P
oi

nt
1

;
pa

ck
ag

e
po

in
t2

is
ne

w
P

oi
nt

1
;



A
ll

pa
ck

ag
e

va
lu

es
as

so
ci

at
ed

w
ith

a
gi

ve
n

ge
ne

ric
pa

ck
ag

e
te

m
pl

at
e

ha
ve

th
e

sa
m

e
pa

ck
ag

e
bo

dy
.

Th
e

sp
ec

ifi
ca

tio
n

o
fa

n
A

da
pa

ck
ag

e
is

st
at

ic
al

ly
as

so
ci

at
ed

w
ith

its
bo

dy
pr

io
r

to
ex

ec
ut

io
n,

w
hi

le
th

e
ty

pe
d

va
lu

es
o
fr

ec
or

d
ty

pe
s

ar
e

dy
na

m
ic

al
ly

as
so

ci
at

ed
w

ith
fu

nc
tio

n
bo

di
es

w
he

n
th

e
va

lu
e-

cr
ea

tio
n

co
m

m
an

d
is

ex
ec

ut
ed

.
C

om
po

ne
nt

s
of

pa
ck

ag
e

va
lu

es
cr

ea
te

d
fr

o
m

a
ge

ne
ric

pa
ck

ag
e

ca
n

be
ac

ce
ss

ed
us

in
g

th
e

re
co

rd
no

ta
tio

n.

pty =pe
 p po in

ist 1P.m
oiantk;

epoint(
3,4);

Th
us

pa
ck

ag
es

ar
e

lik
e

re
co

rd
va

lu
es

in
al

lo
w

in
g

th
ei

r
co

m
po

ne
nt

s
to

be
ac

ce
ss

ed
by

th
e

sa
m

e
no

ta
tio

n
as

is
us

ed
fo

r
se

le
ct

io
n

o
fr

ec
or

d
co

m
po

ne
nt

s.
B

ut
pa

ck
ag

es
ar

e
no

t
fir

st
-c

la
ss

va
lu

es
in

A
da

.
Th

ey
ca

nn
ot

be
pa

ss
ed

as
pa

ra
m

et
er

s
of

pr
oc

ed
ur

es
,

ca
nn

ot
be

co
m

po
ne

nt
s

of
ar

ra
ys

or
re

co
rd

da
ta

st
ru

ct
ur

es
,

an
d

ca
nn

ot
be

as
si

gn
ed

as
va

lu
es

o
f

pa
ck

ag
e

va
ria

bl
es

.
M

or
eo

ve
r,

ge
ne

ric
pa

ck
ag

e
te

m
pl

at
es

ar
e

no
t

ty
pe

s,
al

th
ou

gh
th

ey
ar

e
lik

e
ty

pe
s

in
al

lo
w

in
g

in
st

an
ce

s
to

be
cr

ea
te

d.
In

ef
fe

ct
,

A
da

ha
s

tw
o

si
m

ila
r

bu
t

su
bt

ly
di

ffe
re

nt
la

ng
ua

ge
m

ec
ha

ni
sm

s
fo

r
ha

nd
lin

g
re

co
rd

-li
ke

st
ru

ct
ur

es
,

on
e

fo
r

ha
nd

lin
g

da
ta

re
co

rd
s

w
ith

as
so

ci
at

ed
re

co
rd

ty
pe

s,
an

d
on

e
fo

r
ha

nd
lin

g
pa

ck
ag

es
w

ith
as

so
ci

at
ed

ge
ne

ric
te

m
pl

at
es

.
B

y
co

nt
ra

st
in

g
th

e
tw

o
m

ec
ha

ni
sm

s
o
f

A
da

fo
r

re
co

rd
ty

pe
s

an
d

ge
ne

ric
pa

ck
ag

es
w

ith
th

e
si

ng
le

m
ec

ha
ni

sm
o
f

ou
r

no
ta

tio
n

w
e

ga
in

ap
pr

ec
ia

tio
n

o
f

an
d

in
si

gh
t

in
to

th
e

ad
va

nt
ag

es
o
f

un
ifo

rm
ly

ex
te

nd
in

g
ty

pe
s

to
re

co
rd

s
w

ith
fu

nc
tio

n
co

m
po

ne
nt

s.
A

da
pa

ck
ag

es
w

hi
ch

si
m

pl
y

en
ca

ps
ul

at
e

a
se

t
o
f

op
er

at
io

ns
on

a
pu

bl
ic

ly
de

fin
ed

da
ta

ty
pe

,
do

no
t

ne
ed

fa
nc

y
ty

pe
op

er
at

or
s.

Th
ey

ca
n

be
m

od
el

le
d

in
ou

r
no

ta
tio

n
by

th
e

si
m

pl
e

ty
pe

d
λ-

ca
lc

ul
us

w
ith

ou
t

ex
is

te
nt

ia
l

qu
an

tif
ic

at
io

n.
It

is
on

ly
w

he
n

w
e

hi
de

th
e

ty
pe

re
pr

es
en

ta
tio

n
us

in
g

pr
iv

at
e

da
ta

ty
pe

s
th

at
ex

is
te

nt
ia

l q
ua

nt
ifi

ca
tio

n
is

ne
ed

ed
.

Th
e

le
t

co
ns

tru
ct

w
as

us
ed

in
th

e
pr

ev
io

us
ex

am
pl

e
to

re
al

iz
e

in
fo

rm
at

io
n

hi
di

ng
.

W
e

ca
ll

th
is

fir
st

or
de

r
in

fo
rm

at
io

n
hi

di
ng

be
ca

us
e

it
is

ac
hi

ev
ed

by
re

st
ric

tin
g

sc
op

in
g

at
th

e
va

lu
e

le
ve

l.
Th

is
is

co
nt

ra
st

ed
to

se
co

nd
or

de
r

in
fo

rm
at

io
n

hi
di

ng
th

at
is

re
al

iz
ed

by
ex

is
te

nt
ia

l
qu

an
tif

ie
rs

,
w

hi
ch

re
st

ric
t

sc
op

in
g

at
th

e

type 
lAevn

e Al.
da po

int pa
ckag

e poi
nt2 w

ith a 
priva

te typ
e Po

int m
ay be

 defin
ed as

 follo
ws:



packat
gypee 

p Poio
nitn2t i

s priva
te;
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The eprnidva ptffepfuouur tnnniniyvccctpat-2tteiii-too o;e 
Phnnnoi   dymxind__etacc mknooe ooalpoyrrodcd b a i(n

(ePlP  t dm:(:PePxoo:fodRineiinneiltlttai)eo)  dl,rnr e eby 
tot:uyuRf r rentnexh  aRiResl t)eete yranapeltl;i;etau lPr n

qou Piannottiinfti;cation:
type P∃

Poinoti
n2t .= {m

ak
ep

oi
nt

:
(R

ea
l
×Real)→Point,

x_
co

or
d:

P
oi

nt
→

R
ea

l,
y_

co
or

d:
P

oi
nt

→
R

ea
l

}

It
is

so
m

et
im

es
co

nv
en

ie
nt

to
vi

ew
th

e
ty

pe
sp

ec
ifi

ca
tio

ns
o
f

an
ex

is
te

nt
ia

lly
qu

an
tif

ie
d

ty
pe

as
a

pPao
rianm

t2eW
triRcT

 [fPuo
nicntt

i] oan
s  foo

lfl ow
thse:

hid
de

n
typ

e
par

am
ete

r.
In

the
pre

sen
t

exa
mp

le
we

ma
y

de
fine

type
 P{m

oain
kt2e

pWo
RinT

t[: P
(Ro

eina
t]l  =

× R
eal)

 → P
oint

,
x_

co
or

d:
P

oi
nt

→
R

ea
l,



y_
co

or
d:

P
oi

nt
→

R
ea

l
}

Th
e

no
ta

tio
n

W
R

T
in

P
o
in

t2
W

R
T

[P
o
in

t]
,

to
be

re
ad

as
w

ith
re

sp
ec

t
to

,
un

de
rli

ne
s

th
e

fa
ct

th
at

th
is

type sA
p evca

ilfiucea
 ptioon
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e

va
ria

nt
ca

se
s

as
su

bc
la

ss
es

o
f

an
(o

fte
n)

du
m

m
y

cl
as

s
an

d
th

en
do

in
g

an
in

sp
ec

t
on

ob
je

ct
s

o
f

th
at

cl
as

s.
A

s
w

e
ha

ve
va

ria
nt

s,
w

e
ju

st
ha

ve
to

re
ph

ra
se

th
e

re
le

va
nt

S
im

ul
a

cl
as

se
s

an
d

su
bc

la
ss

es
as

va
ria

nt
s

an
d

th
en

us
e

an
or

di
na

ry
ca

se
fo

r
di

sc
rim

in
at

io
n.

S
m

al
lta

lk
an

d
Li

sp
Fl

av
or

s
ha

ve
so

m
e

id
io

m
s

w
hi

ch
ca

nn
ot

be
re

pr
od

uc
ed

be
ca

us
e

th
ey

ar
e



es
se

nt
ia

lly
im

po
ss

ib
le

to
ty

pe
-c

he
ck

st
at

ic
al

ly
.

F
or

ex
am

pl
e,

in
Fl

av
or

s
on

e
ca

n
as

k
w

he
th

er
an

ob
je

ct
su

pp
or

ts
a

m
es

sa
ge

(a
lth

ou
gh

it
m

ay
be

po
ss

ib
le

to
pa

ra
ph

ra
se

so
m

e
of

th
es

e
si

tu
at

io
ns

by
va

ria
nt

ty
pe

s)
.

G
en

er
al

ly
,

th
e

fre
ed

om
of

ty
pe

-fr
ee

la
ng

ua
ge

s
is

ha
rd

to
m

at
ch

,
bu

t
w

e
ha

ve
sh

ow
n

in
pr

ev
io

us
se

ct
io

ns
th

at
po

ly
m

or
ph

is
m

ca
n

go
a

lo
ng

w
ay

in
ac

hi
ev

in
g

fle
xi

b
ili

ty
,

an
d

bo
un

de
d

qu
an

tif
ic

at
io

n
ca

n
ex

te
nd

th
at

fle
xi

bi
lit

y
to

in
he

rit
an

ce
si

tu
at

io
ns

.

6.
4.

Bo
un

de
d

Ex
ist

en
tia

l
Q

ua
nt

ifi
ca

tio
n

an
d

Pa
rti

al
Ab

st
ra
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w
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w
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l
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st

ra
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e
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=
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e
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R
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l
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ra
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ra
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d
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